
Pseudoscalar Transition Form Factors 
from	


Rational Approximants 

Pablo Sanchez-Puertas	

Johannes Gutenberg-Universität Mainz	


(sanchezp@kph.uni-mainz.de)	


Collaborative Research Centre 1044Collaborative Research Centre 1044

From Quarks and Gluons
To Hadrons and Nuclei

The Low-Energy Frontier
of the Standard Model

Funding Proposal

Work in collaboration with R. Escribano and P. Masjuan	

[Phys.Rev. D86 (2012) 094021, Phys.Rev. D89 (2014) 034014, ...]

MESON 2014, Cracow, 2 June 2014

mailto:sanchezp@kph.uni-mainz.de


Outline 
Pseudoscalar Transition Form Factors

• Pseudoscalar Transition Form Factors	


• Parameterization using Rational Approximants	


• Results from space-like data alone	


‣ η-η’ mixing	


• Implications from space-like + time-like data	


• Conclusions and outlook



Pseudoscalar Transition Form Factors

•  Study of ee→eeγ*γ* 	

with γ*γ*→π,η,η’

• Meson Structure	

- Transition Form Factors (TFF) give access to Meson Distribution Amplitudes	


!
• Precision Tests of the Standard Model	


- Relation to mixing parameters and muon anomaly (g-2)μ
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How do we do that?
• Single Tag Method can access the Meson Transition Form Factor

Selection criteria	

- 1 e- detected	

- 1 e+ along beam axis	

- Meson full reconstructed

Momentum transfer	

- tagged:	

⇒highly virtual space-like (SL) photon	


- untagged:	

⇒quasi-real photon
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How do we do that?

�⇤

� P

F (Q2) =

Z
TH(x,Q2)�P (x, µF )dx

Cross section for P production depends only on F (q21 , q
2
2)

With the Single Tag Method: F (q21 , q
2
2) ! F (Q2)

convolution of perturbative and non-perturbative regimes

TH(�⇤� ! qq̄) �P (qq̄ ! P )

• μF is scale between soft and hard	

• x-dependence of ΦP(x,Q2)	

not known from first principles → model	

!
• Experimental data on F(Q2) is needed	

!
•F(0) from χPT	

•F(Q2) ~Q-2 at high Q2 from pQCD 
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Our proposal 
use Padé Approximants
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Our proposal 
use Padé Approximants
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We have published space-like data for 

slope curvature
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Our proposal 
use Padé Approximants
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We have published space-like data for 

slope curvature
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Use Padé Approximants instead (better convergence properties)
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Our proposal 
use Padé Approximants
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Our proposal 
use Padé Approximants
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η-TFF
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Fit to Space-like data: CELLO’91, CLEO’98, BABAR’11
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η-TFF
�⌘!��Fit to Space-like data: CELLO’91, CLEO’98, BABAR’11+
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up to N=5

up to N=2
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Q2F⌘�⇤�(Q
2, 0) = 0.160(24)GeV
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FIG. 2. Slope predictions for the ⌘ (left panel) and ⌘0 (right panel) TFFs using the PL
1 (Q2) up to L = 5 for the ⌘ and L = 6 for

the ⌘0, respectively (blue circles). The internal bands correspond to the statistical error of the di↵erent fits and the external ones
are the combination of statistical and systematic errors determined as explained in the main text. The CELLO determination
is also shown for comparison (empty-red squares).
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FIG. 3. Curvature predictions for the ⌘ (left panel) and ⌘0 (right panel) TFFs using the PL
1 (Q2) up to L = 5 for the ⌘ and

L = 6 for the ⌘0, respectively (blue circles). The internal bands correspond to the statistical error of the di↵erent fits and the
external ones are the combination of statistical and systematic errors determined as explained in the main text. The CELLO
determination is also shown for comparison (empty-red squares).
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FIG. 4. Pole-position predictions for the ⌘ (left panel) and ⌘0 (right panel) TFFs using the PL
1 (Q2) up to L = 5 for the ⌘ and

L = 6 for the ⌘0, respectively. For comparison, we also display (orange and blue bands) the range me↵ ± �e↵/2 corresponding
to the e↵ective VMD meson resonance evaluated using the half-width rule (see main text for details).
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η’-TFF
Fit to Space-like data: CELLO’91, CLEO’98, L3’98, BABAR’11
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η’-TFF
Fit to Space-like data: CELLO’91, CLEO’98, L3’98, BABAR’11+�⌘0!��
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FIG. 2. Slope predictions for the ⌘ (left panel) and ⌘0 (right panel) TFFs using the PL
1 (Q2) up to L = 5 for the ⌘ and L = 6 for

the ⌘0, respectively (blue circles). The internal bands correspond to the statistical error of the di↵erent fits and the external ones
are the combination of statistical and systematic errors determined as explained in the main text. The CELLO determination
is also shown for comparison (empty-red squares).
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FIG. 3. Curvature predictions for the ⌘ (left panel) and ⌘0 (right panel) TFFs using the PL
1 (Q2) up to L = 5 for the ⌘ and

L = 6 for the ⌘0, respectively (blue circles). The internal bands correspond to the statistical error of the di↵erent fits and the
external ones are the combination of statistical and systematic errors determined as explained in the main text. The CELLO
determination is also shown for comparison (empty-red squares).
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FIG. 4. Pole-position predictions for the ⌘ (left panel) and ⌘0 (right panel) TFFs using the PL
1 (Q2) up to L = 5 for the ⌘ and

L = 6 for the ⌘0, respectively. For comparison, we also display (orange and blue bands) the range me↵ ± �e↵/2 corresponding
to the e↵ective VMD meson resonance evaluated using the half-width rule (see main text for details).
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 η-η’ mixing in the flavor basis

 η-η’ mixing
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 η-η’ mixing in the flavor basis

 η-η’ mixing

From the TFFs we can determine 
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 η-η’ mixing in the flavor basis

 η-η’ mixing

From the TFFs we can determine 
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 η-η’ mixing in the flavor basis

 η-η’ mixing

Update of Frere-Escribano ’05 with PDG12 using 9 inputs
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Pseudoscalar Transition Form Factors

•  Study Dalitz decays 	

η→γ*γ→e+e-γ	


!
- Our predictions from SL data are in 
excellent agreement with latest results from 
A2 Coll. as expected below resonance 
region.	
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NEW DETERMINATION OF THE η TRANSITION FORM . . . PHYSICAL REVIEW C 89, 044608 (2014)

TABLE I. Results of this experiment for the η TFF, |Fη|2, as a function of the invariant mass m(e+e−).

m(e+e−) (MeV/c2) 45 ± 5 55 ± 5 65 ± 5 75 ± 5 85 ± 5 95 ± 5
|Fη|2 0.999 ± 0.031 0.988 ± 0.029 1.005 ± 0.030 0.999 ± 0.031 1.051 ± 0.034 1.014 ± 0.036
m(e+e−) (MeV/c2) 110 ± 10 130 ± 10 150 ± 10 170 ± 10 190 ± 10 210 ± 10
|Fη|2 1.014 ± 0.028 1.019 ± 0.037 1.071 ± 0.041 1.153 ± 0.044 1.083 ± 0.046 1.161 ± 0.056
m(e+e−) (MeV/c2) 230 ± 10 250 ± 10 270 ± 10 290 ± 10 310 ± 10 330 ± 10
|Fη|2 1.312 ± 0.068 1.214 ± 0.076 1.342 ± 0.094 1.393 ± 0.113 1.487 ± 0.144 1.406 ± 0.170
m(e+e−) (MeV/c2) 350 ± 10 370 ± 10 390 ± 10 410 ± 10 430 ± 10 450 ± 10
|Fη|2 1.851 ± 0.235 2.086 ± 0.306 1.918 ± 0.433 2.05 ± 0.61 2.56 ± 0.87 2.83 ± 1.58

measurement is

"−2 = (1.95 ± 0.15stat ± 0.10syst) GeV−2, (3)

which is in very good agreement within the errors with all
recent results reported in Refs. [7–9]. As seen in Fig. 10, the
|Fη(mll)|2 results of this work are in similar good agreement
within the error bars with the data points from Refs. [7,8].

The uncertainty reached for the "−2 value in the present
work is smaller than those of all previous measurements based
on the η → e+e−γ decay, is of a similar magnitude as the
NA60 value from peripheral In–In data [8], and still yields to
the latest, preliminary result of the NA60 from p-A collisions
[9].

In Fig. 10, the results of this work for |Fη(mll)|2 are also
compared to three different theoretical predictions. Because
all models assume that |Fη(mll = 0)|2 = 1, for a better
comparison, the fit to the data points from Fig. 9(b) is rescaled
by setting its normalization parameter to p0 = 1 and leaving
its second parameter p1, reflecting the slope parameter "−2,
unchanged. The calculation by Terschlüsen and Leupold (TL)
combines the vector-meson Lagrangian proposed in Ref. [26]
and recently extended in Ref. [27], with the Wess-Zumino-
Witten contact interaction [23] (see also Ref. [28] for the
corresponding case of the π0 TFF). Their calculation agrees
very well with the standard VMD form factor. As seen, the TL
calculation [shown in Fig. 10(a) by a dash-dotted line] goes
slightly lower than the pole-approximation [Eq. (2)] fit to the

present data, whereas it fully describes the data points within
the error bars.

The second calculation is based on a model-independent
method using Padé approximants that was developed for
the π0 TFF in Ref. [29]. Using spacelike data (CELLO
[30], CLEO [31], BABAR [32]), this method provides a
parametrization that is also suited to describe data in the
mll range from zero to

√
0.4 GeV/c2, and thus provides a

model-independent prediction for the timelike TFF [24]. Over
the full mll range, this calculation [shown in Fig. 10(a) by a
red dashed line with an error band] practically overlaps with
the pole-approximation fit to the present data points.

In another recent calculation [25] by the Jülich group,
the connection between the radiative decay η → π+π−γ and
the isovector contributions of the η → γ γ ∗ TFF is exploited
in a model-independent way, using dispersion theory (DT).
This calculation [shown in Fig. 10(b) by a dotted line with
an error band] goes slightly above the fit to the present
data.

Currently, the VMD models that are used to calculate
the contribution of the hadronic light-by-light scattering
to (g − 2)µ include only ρ, ω, and φ resonances. These
contributions are calculated with " = (774 ± 29) MeV close
to the ρ-meson mass. This value of " was determined from a
fit to spacelike data measured by the CLEO collaboration [31]
down to the momentum transfer q2 = −1.5 GeV2, which is far
away from q2 = 0 GeV2. The " value from CLEO disagrees
with the VMD value, " = 745 MeV. It also disagrees with
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FIG. 10. (Color online) Results of this work (solid squares) for the η TFF, |Fη(mll)|2, compared to other recent measurements and theoretical
predictions: former data of the A2 Collaboration [7] [open circles in (a)] and the NA60 in peripheral In-In data [8] [open squares in (b)],
calculations of Ref. [23] [dash-dotted line in (a)], Ref. [24] [red dashed line with an error band in (a)], and Ref. [25] [dotted line with an error
band in (b)]. The solid line is the fit from Fig. 9(b) rescaled so that p0 = 1.
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Result from A2 Coll. [Phys.Rev. C89 (2014) 044608]
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�⌘!��Fit to Space-like data [CELLO’91, CLEO’98, BABAR’11]+	

+ Time-like data [NA60’09, A2’11,  A2’13]
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�⌘!��Fit to Space-like data [CELLO’91, CLEO’98, BABAR’11]+	

+ Time-like data [NA60’09, A2’11,  A2’13]



slope for the η-TFF
�⌘!��Fit to Space-like data [CELLO’91, CLEO’98, BABAR’11]+	


+ Time-like data [NA60’09, A2’11,  A2’13]
[R.Escribano, P.M., P. Sanchez-Puertas, ’14]
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 η-η’ mixing
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 η-η’ mixing in the flavor basis

From the TFFs we can determine 
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ĉq

Fq
sin�+

ĉs
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 η-η’ mixing

Update of Frere-Escribano ’05 with PDG12 using 9 inputs

[R.Escribano, P.M., P. Sanchez-Puertas, ’14]

Pablo Sanchez-Puertas Cracow 2nd JuneMESON 2014
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 η-η’ mixing
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From the TFFs we can determine Fq, Fs,�
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EF	


This 	

Work

FKS: Feldmann, Kroll, Stech,  PRD 58, 114006 (1998) 	

EF: Escribano, Frere, JHEP 0506, 029 (2005) updated in Escribano, P.M, Sanchez-Puertas, 2013.
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Conclusions
- Transition Form Factors are a good laboratory to study meson 	

properties	


- Need for a model independent approach: we use Padé App.	


- Considering Space-like and time-like data	

- provides very accurate LECs and asymptotic limits	

- provides insight in mixing scheme and meson structure	


- Many more applications	

- Predicts VPγ, J/Ψ, rare decays (P→e+e-(μ+μ-)), (g-2)μ...	


Padé Approximants’ method is easy, systematic, can handle 
syst. errors and can be improved upon by including new data 
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Padé Approximants’ method is easy, systematic, deals with syst. 
errors and can be improved upon by including new data 



Thank you!
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A word on systematics
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 η-η’ mixing
From the TFFs we can determine Fq, Fs,�

and the VPγ and J/Ψ decays used in FKS and EF as inputs

( using F⇡0 = 131.5± 1.4 MeV instead of F⇡� = 92.21± 0.14 MeV )
Table 1:

Our predictions Experimental determinations

g⇢⌘� 1.46(3) 1.58(5)
g⇢⌘0� 1.20(4) 1.32(3)
g!⌘� 0.56(2) 0.45(2)
g!⌘0� 0.55(2) 0.43(2)
g�⌘� �0.78(8) �0.69(1)
g�⌘0� 0.88(10) 0.72(1)

J/ !⌘0�
J/ !⌘� 5.09(47) 4.67(20)

1
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 η-η’ mixing in the flavor basis

 η-η’ mixing

From the TFFs we can determine 
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The Transition Form Factor
Results for the ⌘ & ⌘0 TFF with Space-like data

Update with MAMI Time-like data (PRELIMINARY)
Applications

Pseudoscalar contribution to (g � 2)HLbyLµ
P ! `` (PRELIMINARY)
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The only unknown A(m2
P) from loop calculation where the TFF enters.
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FP�⇤�⇤(k2, (q � k)2)

FP��(0, 0)

At this point: input your favorite model and integrate.
This gives no insight!

Pablo Sánchez Puertas Mesons transition FFs using Padé approximants

Dissection of η→l+l-
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A(q2) =
2i

⇡2q2
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(q2k2 � (q · k)2)FP (k2, (q � k)2)

(k2 + i✏)((q � k)2 + i✏)((p� k)2 �m2 + i✏)



The Transition Form Factor
Results for the ⌘ & ⌘0 TFF with Space-like data

Update with MAMI Time-like data (PRELIMINARY)
Applications

Pseudoscalar contribution to (g � 2)HLbyLµ
P ! `` (PRELIMINARY)

Dissectioning the ⇡ ! e

+
e

�

• The ⇡ ! e

+
e

� decay provides the best scenario for such discussion.
• Try the most model-independent approach we can.

Cutcosky rules provides the imaginary part of this integral

P

`

`

Use dispersion relation to get the real part

Substraction term gets all the e↵ects from the TFF behavior.
⇤From now on I will quote results in the chiral limit m⇡ ! 0

Pablo Sánchez Puertas Mesons transition FFs using Padé approximants

As model independent as possible:

Cutcosky rules provides the imaginary part

Dissection of η→l+l-
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The Transition Form Factor
Results for the ⌘ & ⌘0 TFF with Space-like data
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Applications
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Pablo Sánchez Puertas Mesons transition FFs using Padé approximants

As model independent as possible:

Cutcosky rules provides the imaginary part

q2 = m2
P

Dissection of η→l+l-
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PDG value dominated by the KTeV measurement

Dissection of η→l+l-The Transition Form Factor
Results for the ⌘ & ⌘0 TFF with Space-like data

Update with MAMI Time-like data (PRELIMINARY)
Applications
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Pablo Sánchez Puertas Mesons transition FFs using Padé approximants

= 5.8(8) · 10�6 (μ+μ-)

 5.6 · 10�6 (e+e-)

= 4.37 · 10�6Unitary Bound for the μμ case

SM calculations with m2
⌘/⇤

2 ⇠ 0 = 4.99 · 10�6

Our result from SL+TL (full result) = 4.51(2) · 10�6
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Time-like TFF: prediction

e�

e�

�⇤

�

• Asymptotic limits in time-like and space-like FFs are expected to be 

close,  is important to measure this time-like FF because:	


- the charmonium region is between the perturbative and non-

perturbative regimes of the π-, η-, and η’-TFF	


- background for charmonium decays

P = ⇡0, ⌘, ⌘0, ⌘c . . .
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Time-like TFF: prediction
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Differential cross section:

Integrating with respect to cosθ

The vertex of interest is:
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π0-TFF
Fit to Space-like data: CELLO’91, CLEO’98, BABAR’09 and Belle’12
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η-TFF
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η’-TFF
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