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Dyson-Schwinger Equations: Equation of motion of Green functions

Classical Mechanics

Quantum Field Theory

Principle of Least Action
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0q =0
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Eauations of Motion (EoM)

Euler-Lagrange Equation

Dyson-Schwinger Equation

Quark

Ghost

4+ Complicated integral equations;
4+ Coupled tower of all equations.



Dyson-Schwinger Equations: Equations for mesons
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Dyson-Schwinger Equations: Equations for mesons

» | Gluon propagator
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Dyson-Schwinger Equations: Equations for mesons

» | Gluon propagator
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Dyson-Schwinger Equations: Equations for mesons

» | Gluon propagator
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The simplest rainbow-ladder truncation:




A
Rainbow-Ladder truncation: Successes

4+ T & mu = 0 — global properties of hadrons: mass spectra, decay constants, radii
...; hadron structures: FF, PDF, PDA, GPD...

Summary of light meson results

Vector mesons (PM, Tandy, PRC60, 055214)
My—q = 5.5 MeV, m; = 125 MeV at y = 1 GeV 0770 Gev 0742
. e .
Pseudoscalar (PM, Roberts, PRC56, 3369) "p/o
- - fojw 0216 GeV 0207
5 3 — Mg+ 0892 GeV  0.936
-(@g), | (0236 Gev)"  (0.2417) e 0.225GeV  0.241
My 0.1385 GeV 0.1387 - 1020GeV 1072
Ix 2‘3222‘33\’ Z':’Z; f 0236GeV 0259
m X e .
K Strong decay (Jarecke, PM, Tandy, PRC67, 035202)
b 0.113 GeV 0.109
8prn 6.02 54
Charge radii  (PM, Tandy, PRC62, 055204) 8oKK 464 43
r2 0.44 fm? 0.45 8K kx 4.60 41
r 0.34 fm? 0.38
Kt Radiative decay (PM, nucl-th/0112022)
Tgo -0.054 fm’ -0.086
8pry/Mp 0.74 0.69
yrytransition (PM, Tandy, PRC6E5, 045211) Buy/Mes 231 207
gmyy 0.50 0.50 (8x+xy/mg)* | 083 0.99
2
- 0.42fm 0.41 (8x+ky/mx)° | 1.28 119
Weak K3 decay (PM, Ji, PRD&4, 014032) Scattering length  (PM, Cotanch, PRD66, 116010)
l+ (83) 0.028 0.027 ag 0.220 0.170
INKs) | 76-10s7! 738 a3 0.044 0.045
F(Kp) 52.106s-1 490 a{ 0.038 0.036

Tandy @ Beijing Lectures 2010

4+ T & mu > 0 — phase diagram: critical lines, CEP...; properties of QGP: excitation
modes, electrical conductivity, shear viscosity to entropy density ratio...



Rainbow-Ladder truncation: Drawbacks

4 Ground state > 1GeV: too small rho-a1 L4l | Poc *
mass splitting; S ol % *
e 3 [e)
§ 1.0
s | o ©
0.8 *
L (o]
- - - . 0.6 . ! ‘. ‘.
4+ Radial excitation states: wrong ordering P s " P

and magnitudes;

4 Structures: rho monopole form pion EM
form factor;

Q? [GeV?

RL truncation fails to describe quantities which are sensitive to details of interaction.




Is there a systematic way to truncate the
DSEs in order to approach the full QCD?



Is there a systematic way to truncate the
DSEs in order to approach the full QCD?

|. Quark-gluon vertex

Il. Scattering kernel




I. Quark-gluon vertex: General structure

[Tu(0,9)]ag = {Vspurau} x {1, v-p, v g, 0pg}



I. Quark-gluon vertex: General structure

[Tu(0,9)]ag = {Vspurau} x {1, v-p, v g, 0pg}

4 The vertex has 3 x 4 = 12 independent Lorentz structures.
4+ The appearance may be modified in nonperturbative QCD.




I. Quark-gluon vertex: (Abelian) Ward-Green-Takahashi Identities

0 Gauge symmetry (vector current cons.): vector WGTI

Px)— P(x) +igalx)fx),
iguLu(k,p) = S~ (k) — S~ (p)

U(x)— P(x) —iga(x)(x)

O Chiral symmetry (axial-vector current cons.): axial-vector WGTI

W(x)— P(x) + iga(x)y’ ¥(x), _ _ ; _ ;
) i co g0 (k,p) = 871 (k)is +i75S* (p) — 2imDs (k, p)
P(x) = P(x) +igalx)w(x)y,



I. Quark-gluon vertex: (Abelian) Ward-Green-Takahashi Identities

0 Gauge symmetry (vector current cons.): vector WGTI

P(x) — Plx) +igalx)y(x),
iquLu(k,p) = S™H(k) — S~ (p)

U(x)— P(x) —iga(x)(x)

O Chiral symmetry (axial-vector current cons.): axial-vector WGTI

W(x)— P(x) + iga(x)y’ ¥(x), _ _ — ,
) i S g0 (k,p) = 871 (k)is +i75S* (p) — 2imDs (k, p)
P(x) = P(x) +igalx)w(x)y,

Q0 Lorentz symmetry + (axial-)vector current conservation: transverse WGTIs

qulv(k.p) —quly (k. p) = S_l(P)qu +0'u.vs_1 (k)

C il I U o869 o 1a
07 (x) = O reniz (004 (x)) = — 5 e"'Siy (8°(x)). +2im Iy (k. p) + G.€uvp T (k. P)
spinor l Wvector): ‘-. " vV
S =20y, (S)E = i858, — 858,p); +Au k. P).
- qﬂ r‘:ﬁ(k’ p) - QvFl?(ke P) — S—I(p)UEv - Glips—l(k)
He, PRD, 80, 016004 (2009) + trxvp Tp (k. P)
5
+ Vo k. p), Tuv = ¥V5%uv



I. Quark-gluon vertex: (Abelian) Ward-Green-Takahashi Identities

0 Gauge symmetry (vector current cons.): vector WGTI

Px)— P(x) +igalx)fx),

: _ o1/ a-1
b (x) — 47/(.\‘) — ig(!(_.\')l]/(,\’_) Zq“F“(k’p) =5 (k) S (p)

O Chiral symmetry (axial-vector current cons.): axial-vector WGTI

'\/v-cp

W(x)— P(x) + iga(x)y’ ¥(x),

) - L .4 (k,p) = ST (k)ivs + iv55™ " (p) — 2imIs (k, p)
P(x)— P(x) +igalx)(x)y’,

Q0 Lorentz symmetry + (axial-)vector current conservation: transverse WGTIs

qulvk, p) — quTuk, p) = S~ (p)ouy +0uu S~ (k)

o \ af o - l s ol 0dh?) af . .

drd“(x) =] S oreniz (0 (x)) = — P e"'Suy (8¢(x)). +2im Iy (K, p) + tEsuvp I (k. ) VX o
spinor vec a — Sa S . v

SUE = g, (SE)E = i(858,p — 038,p); + A%, k. ), /

qulA k. p) = T (k. p) =S~ (P, — 05, (k)
+tk€kuvprp(k. p)
5
+ Vﬁu(k' p), Opy = ¥V50uv

He, PRD, 80, 016004 (2009)

4+ The WGTIs express the divergences and curls of the vertices.
4+ The WGTIs of the vertices in different channels couple together.
4+ The WGTIs involve contributions from high-order Green functions.




l. Quark-gluon vertex: Solution of WGTIs Qi et ol PLB 722, 384 (2013
Dgfine two projection tensors and contract them Quiluk.p)=S~"(k) — S~ (p).
with the transverse WGTls,
1 1 tte- Tk, p) =T\ [ST (pro), —0.,5 (k)
T = isauvﬂtaqﬁll% T = 5 EanvpYadp- ! Ry et 1MA :
. th : F(k9 p) o i Tuv vuv(ks p)9
one can decouple the WGTIs and obtain a group q-ty -I'k.p)=Tg,[ST (D)o, — 05,57 (k)]
of equations for the vector vertex: +y-tq-I'k.p)+Th, Vi, (k. p).

10



\
l. Quark-gluon vertex: Solution of WGTIs Gin et o, PLB 722, 384 (2013

Dgfme two projection tensors and contract them Quiluk.p)=S~"(k) — S~ (p).
with the transverse WGTls,

1 1 g-tt-rk,p)=T' [SV(po?, —0> S (k)
T;Iw = Eaauvﬁt(XQﬁlD~ T,zw = igauvﬂ)’aQﬁ- ‘“;[ o ]MVA ]
+ q- F(k, p) + Tuvvuv(k, p),

one can decouple the WGTIs and obtain a group q-ty - I'k.p)=T5,[S7 (p)og, — 0,57 (k)]
of equations for the vector vertex: +y-tq-I'k.p)+Th, Vi, (k. p).
It is a group of full-determinant linear equations. Full BC T FP

: . _ Tk p) = TBC(k, p) + TT (K, p) + TEP (K, p).
A unique solution for the vector vertex is exposed: w (0 p) =T 2) + Ty ko p) + 1,7 ()

10



I- Quark'gluon vertex: SOIUtlon Of WGTIS Qin et. al., PLB 722, 384 (2013)

Define two projection tensors and contract them
with the transverse WGTls,
1 1
T,I“» = 55(1/4 vataqplp. lel p = Esau v Yalqp-
one can decouple the WGTIs and obtain a group
of equations for the vector vertex:

Quil(k,p)=S"" (k) — S~ (p),

q-tt-rk.p)=T,,[S"(po), —07,5 k)]
+t2q- (k. p) + T), V3, (k. p).
q-ty -I'k.p)=T},[S"(pro), —0.,5 (k)]
+y-tq- Tk p)+Tg,Vjp, (k. p).

It is a group of full-determinant linear equations.
A unique solution for the vector vertex is exposed:

Full _ 1BC T FP
F,u (k7p) _P,u (k7p>+Fu<k’p)+Fy, (kap)

¥ The quark propagator contributes to the longitudinal and S(p)
transverse parts. The DCSB-related terms are highlighted.

Ay .
FEC(k,p) = ’VMZA + tut? - zt,uABa

Ay Ay
Ty (k) = =@ Bp + 7,0 5= = (014 11— 264) =

" iy pA(?) + B(p?)

1
Tp(x,y) = §[¢(x) +o )]

A¢(x’y)zw
xX—y
q-Xq

X=X, - —"*

q

¢ The unknown high-order terms only contribute to the transverse part, i.e., the longitudinal part
has been completely determined by the quark propagator.

10



I- Quark'gluon vertex: SOIUtlon Of WGTIS Qin et. al., PLB 722, 384 (2013)

Define two projection tensors and contract them
with the transverse WGTls,
1 1
T,I“» = 55(1/4 vataqplp. lel p = Esau v Yalqp-
one can decouple the WGTIs and obtain a group
of equations for the vector vertex:

Quil(k,p)=S"" (k) — S~ (p),

q-tt-rk.p)=T,,[S"(po), —07,5 k)]
+t2q- (k. p) + T), V3, (k. p).
q-ty -I'k.p)=T},[S"(pro), —0.,5 (k)]
+y-tq- Tk p)+Tg,Vjp, (k. p).

It is a group of full-determinant linear equations.
A unique solution for the vector vertex is exposed:

Full _ 1BC T FP
F,u (k7p) _P,u (k7p>+Fu<k’p)+Fy, (kap)

¥ The quark propagator contributes to the longitudinal and S(p)
transverse parts. The DCSB-related terms are highlighted.

Ay
Tk, p) = .34 + tufT
Ay Ay
r,(k,p) = + Y@= = (Ol 1 = 2t,d) =

" iy pA(?) + B(p?)

1
Tp(x,y) = §[¢(x) +o )]

A¢(x’y)zw
xX—y
q-Xq

X=X, - —"*

q

¢ The unknown high-order terms only contribute to the transverse part, i.e., the longitudinal part
has been completely determined by the quark propagator.
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Il. Scattering kernel: General structure

* % + % + % + § § + etc.

Y

Y

A
A

K(ps, ks diski)oa gp = K K~

ao’

R
®Kﬂﬂ,

11



Il. Scattering kernel: General structure

3

3 + % + % + + g

< < 3
o a

R

K(pf)kf;q’l/7k'b)aa’,ﬂ’ﬂ — K Kga’ ®K,3,3’
+ +
B B

+ etc.

4+ The kernel has 4 x 4 x 4 x 4 = 256 independent Lorentz structures.
4+ It is extremely complicated and must be constrained by symmetries.

11



ll. Scattering kernel: symmetries—color-singlet WGTIs

The color-singlet axial-vector and vector WGTIs are written as

P,Ts,(k, P) + 2imT's(k, P)
iP, I, (k, P)

ST kg )ivs + iS5 k),
S™HEky) — ST (kD).

The Bethe-Salpeter equation and the quark gap equation are written as

A (k, P) =42, + / K (ks g )aor 9519 (0 )T (g, P)S(q_ )]s

S™1(k) /DW (k= @)uS(@)Tw (g, k),

12



ll. Scattering kernel: symmetries—color-singlet WGTIs

The color-singlet axial-vector and vector WGTIs are written as

P,Ts,(k, P) + 2imT's(k, P)
iP, I, (k, P)

ST kg )ivs + iS5 k),
S™HEky) — ST (kD).

The Bethe-Salpeter equation and the quark gap equation are written as

S™1(k) /DW (k= @)uS(@)Tw (g, k),

[T (k, P) = 1, + / K (k. q2)aar 1S (a1 )T (g, P)S (q-) e,

12
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ll. Scattering kernel: symmetries—color-singlet WGTIs

The color-singlet axial-vector and vector WGTIs are written as

P,Ts,.(k, P) + 2imD's(k, P) = S~
iP,T,(k,P) =8~

kg )ivs +ivsS ™ ko),
Nks) — S~ (k).

The Bethe-Salpeter equation and the quark gap equation are written as

— T8, (k, P) = 11, + / K (ks g4 oo 57819 ()T (0. P)S (0o

1
Sk /D,Wk DS (g, k).

o 12



ll. Scattering kernel: symmetries—color-singlet WGTIs

The color-singlet axial-vector and vector WGTIs are written as

P,Ts,.(k, P) + 2imTs(k, P)
iP,T(k, P)

S (ks )iys +ivs S~ (k),
S Hky) — STHEL).

The Bethe-Salpeter equation and the quark gap equation are written as

— T8, (k, P) = 11, + / K (ks g4 oo 57819 ()T (0. P)S (0o
I
Sk /D,Wk DS (g, k).

The kernel satisfies the following WGTlIs: quark propagator + quark-gluon vertex

/’Caa',ﬁ'ﬁ{S(Q+)[S_1(Q+) — 87N a-)IS(g-)}arpr = /Duu(k — OVulS(q) (g4, k1) — S(g-)Tw(g-, k)],

/Kaa’,ﬁ’ﬁ{S(Q+)[S_1(Q+)’Ys + 795971 (q-)]S(q- )} = /Dw(k — )Vu[S(q)Tu(qs, ki )vs — 155(q- )T (g, k-)].

o 12
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ll. Scattering kernel: Elements of quark gap equation

Assuming the scattering kernel has the following structure:

<1 <4<

Ladder-like term Symmetry-rescuing term

A 13
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ll. Scattering kernel: Elements of quark gap equation

Assuming the scattering kernel has the following structure:

<1 <4<

Ladder-like term Symmetry-rescuing term

Algebraic version of the WGTIs, which the scattering kernel satisfy, are written as

I =T, = (57" = STHKS +4s(57 = S2HvsKC,,
T ys + 950, = (S1'9s + 552K + (150 + SZMs)K,

A 13



ll. Scattering kernel: Elements of quark gap equation

Assuming the scattering kernel has the following structure:

<1 <4<

Ladder-like term Symmetry-rescuing term

Algebraic version of the WGTIs, which the scattering kernel satisfy, are written as

I =T, = (57" = STHKS +4s(57 = S2HvsKC,,

T ys + 950, = (S1'9s + 552K + (150 + SZMs)K,

Eventually, the solution is straightforward:

KE = (2B Ar) " Y(Aa F BA)TS + BsT2.

4+ The form of scattering kernel is simple.
4+ The kernel has no kinetic singularities.
4+ All channels share the same kernel.

1
) = iy - p A(p?) + B(p?)

I =T, +90fys T =T, -T,
Bs, = 2B, Bpa =B, — B_
An =i(7 - q4)Ar —i(y - q-)A-

13



ll. Scattering kernel: Meson cloud — higher-order correction

In Quantum Field theory (infinitely many degrees of freedom), high-order Green
functions cannot be completely truncated by low-order ones (unclosed).

For example, meson cloud, e.g., pion cloud, can enter the scattering kernel:

———00000 —>— > { \_>_ > >
Yoooon]
Y A E> Y A |::>
p 0004
00000
—<—{00000}—<«— < foe

A contribution of meson exchange should be involved in the kernel.

é 14



ll. Scattering kernel: Meson cloud — higher-order correction

In Quantum Field theory (infinitely many degrees of freedom), high-order Green
functions cannot be completely truncated by low-order ones (unclosed).

For example, meson cloud, e.g., pion cloud, can enter the scattering kernel:

——>—— (00000 —>—

—<—00000)—<—

\ A [>

Y

< < < < <
<
*r L I S r*

<
«

O

N

. »
> >

A contribution of meson exchange should be involved in the kernel.

Accordingly, the WGTIs require that meson cloud must modify the quark propagator:

O|k|A(K?)
O|k|

-1+ =
+4

1/q [kﬂ]ﬁalcaa’,ﬁ’ﬁl

95(q)
0q,

..

1
B(k*) =m+ Z/ (V5] g Karar, 578 [7503(‘12)}04'6"
q

14



Ansatz and application: ground and radially excited mesons

Let the quark-gluon vertex includes both longitudinal and transverse parts:

T =Ly - k4 i, 00l kp,
Lulp.q) =130, q) + Th(p,q)  Th(p.q) = nAp7, + EART, +4(n+ AaT, |70 =0wk,

75 =3 zgaypz,,kp J(r .

4+ The longitudinal part is the Ball-Chiu vertex—an exact piece from symmetries.
4+ The transverse part is the Anomalous Chromomagnetic Moment (ACM) vertex.

.6—mmMm™—————r————7———— o7 —m™m™Mm™m———p————7——+——
0.5 - 0.6 o —o— B |
I . I —— B@
S 0.4 - 0.57 i
& | 0.4 -
= 0.3 . Tt
302- 0.3 -
2 0 0.2 =
01 7 01 .
ob— . TS — 0-. MR B 06 o o o o 4
0 0.5 1.0 1.5 2.0 0 0.5 1.0 1.5 2.0

q [GeV] q [GeV]

To generate the quark mass scale which is comparable to that of LQCD, the coupling
strength can be so small that the rainbow-ladder approximation has NO DCSB at all.

15



Ansatz and application: ground and radially excited mesons

The correct mass ordering: | my > my > mq > mgy > m, > mg

2.0 T T T T T T T ]
[ R @ ]
— 1.5 @ ]
> _ § 9 :
2 1.0 " -
w Y[ T ]
a E [ 6-core
= 0 I
D - O PDG data
I ¢ Calculated
0 [ ) L | | L L L L
o] o by ay m P b, a
- <(7q)(1)/3 f‘" mp Mo My, May Moyt mp My, Mg
this work 0.228 0.095 0.83 0.86 1.17 1.23 1.34 1.43 1.54 1.68
PDG - 0.093 0.78 0.50 1.24 1.26 1.30 1.45 - 1.64

TABLE I: The fitted spectrum and its comparison with PDG data (Full vertex, (Dw)'/3 = 0.492 GeV, w = 0.55 GeV,
n = 0.35 and £ = 1.30, in the chiral limit where pion is always massless).



Summary

4 Based on WGTIs, a systematic and self-consistent method to construct the quark-
gluon vertex and the scattering kernel beyond the simplest approximation is proposed;

4 A demonstration applying the method to light meson spectroscopy, including ground
and radially excited mesons, is presented.
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Summary

4 Based on WGTIs, a systematic and self-consistent method to construct the quark-
gluon vertex and the scattering kernel beyond the simplest approximation is proposed;

4 A demonstration applying the method to light meson spectroscopy, including ground
and radially excited mesons, is presented.

Outlook

€ With the sophisticated method to solve the DSEs, we can push the DSE approach to a
much wider range of applications in hadron physics, e.g., baryons.

€ Hopefully, after more and more successful applications are presented, the DSE
approach may provide a new path to understand QCD.

17



Appendices
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N
Gluon propagator: Dynamically massive gluon

4+ In Landau gauge (a fixed point of "é O
the renormalization group): T 3
g ¢ E
G 4 .
k. k ol 3
2 _ 2 %
g -Dp,l/(k) — g(k )(5;1,1/ - ]CQ ) (1) o doiaoniche coodonions bocicacd
25 3 35 4 4.5 5
] AR IR IR IR LR IR LR LR I I
2 <
“S15E =
. . a t
4+ Modeling the dress function: "o 1F :
gluon mass scale + effective 0SE E
- - G' PEFENE ETSTSEN S BTSN T TSN TS ETE AT STSTE S SUET ST TS ST ST ATAT S STE ST A S E A A A
running coupling constant 0o o5 1 15 2 285 3 a5 4 45 S
- 47T()£RL(I€2) bs T

2
G(k") ~ k? +m2(k?) ’

M(q) [GeV]
o

= =
—_— (] f
LR LR R (R R

M
2(1.2y _ g
W) = 3z ke

-
=
™"

0. Oliveira et. al., J.Phys. G38, 045003 (2011)
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Scattering kernel: Goldstone theorem in terms of Green functions

In the chiral limit, the color-singlet axial-vector WGTI (chiral symmetry) is written as

P
P,Tsu(k, P) =571 (k + g) iys +iv5 8! (k - E)

A 20



Scattering kernel: Goldstone theorem in terms of Green functions

In the chiral limit, the color-singlet axial-vector WGTI (chiral symmetry) is written as

P,Ts,(k,P)=8" (k + g) iy + 5755 (k _ g)

Assuming DCSB, i.e., the mass function is generated, we have the following identity

: Y 2
11}_1&) P,Ts,(k, P) = 2ivs B(k") # 0

The axial-vector vertex involves a pseudo scalar pole as

2’i’)’5f7rE7r(k2)P# P,,, fﬂ'Eﬂ'(kz) — B(kz)

I‘5ﬂ (k, 0) ~ P2 X P2

a 20



Scattering kernel: Goldstone theorem in terms of Green functions

In the chiral limit, the color-singlet axial-vector WGTI (chiral symmetry) is written as

P
P,Tsu(k, P) =571 (k + g) iys +iv5 8! (k - 5)

Assuming DCSB, i.e., the mass function is generated, we have the following identity

lim P, T's,,(k, P) = 2ivs B(k") # 0

The axial-vector vertex involves a pseudo scalar pole as

2i7s f B (k)P P _
Py (k,0) ~ 2057 pz( Pu = f»Er(K*) = B(K*)

Assuming there is a radially excited pion, its decay constant vanishes

. 2iv5 fr, Er, (k, P) P,
P211>IJI\1/I2 F5#(k7 P) ~ P2 1 M2 < 00 f7rn =0

a 20



Scattering kernel: Goldstone theorem in terms of Green functions

In the chiral limit, the color-singlet axial-vector WGTI (chiral symmetry) is written as

P
P,Tsu(k, P) =571 (k + g) iys +iv5 8! (k - 5)

Assuming DCSB, i.e., the mass function is generated, we have the following identity

lim P, T's,,(k, P) = 2ivs B(k") # 0

The axial-vector vertex involves a pseudo scalar pole as

2i7s f B (k)P P _
Py (k,0) ~ 2057 pz( Pu = f»Er(K*) = B(K*)

Assuming there is a radially excited pion, its decay constant vanishes

. 2iv5 fr, Er, (k, P) P,
P211>IJI\1/I2 F5#(k7 P) ~ P2 1 M2 < 00 f1rn =0

DCSB means much more than massless pseudo-scalar meson.

a 20



