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Introduction I



Quark mass pattern and meson physics

m if: m,, my, m; = 0(1GeV) — Glueball is lightest meson

®  Our world::
m,, my, ms << O(1GeV) — m, K, 1 lightest mesons
Glueball ?

m isospin breaking: [m, — myl/m; ~ O(e?) small

— Determination of [m, — my|/m,: must disentangle QED
from QCD

m 71 — 3m: QED suppressed [ O(e?) vanish in m, = my =0
limit]



QCD in soft regime:

— Chiral effective theory , relates hadronic observables to
mu: de mS

= 1 — 37 [NLO: [Gasser, Leutwyler (1985)], NNLO:
[Bijnens, Ghorbani (2007)]]

Considerable experimental progress: [Crystal Ball (2001),
MAMI (2009), WASA(2009,2014), KLOE(2008,2010,2016),
BESIII(2015)]

Comparison with experiment:

Dalitz plot parameters « (37° mode)
+0.0142 (NLO ) —0.0315 4+ 0.0015 (PDG)
+0.0130 (NNLO)

Is chiral expansion wrong ?
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= Non-linearities in Dalitz plot: NLO may not be enough

— In physical regions: | unitarity | restored gradually in
ChPT

— NNLO: 6 combinations of couplings C;: need model
independent determinations
Inaependaen rmination



m  Strategy:
1) Effective theory in unphysical region

2) Physical region: extrapolation based on analyticity and

unitarity (nonperturbative QCD properties)

® Framework:[Khuri-Treiman (1960)] (for K — 3m)
+ Muskhelishvili-Omnes|lieveu Scherk, (1970)]
S+ P-waves rescattering|Kambor,Wiesendanger, Wyler
(1995), Anisovich Leutwyler (1995)]

m  Our work, further extension: 7t + KK inelastic channel:
ao(980), 1,(980) double resonance effect




Elastic Khuri-Treiman equations I



Single-variable amplitudes

= In region where:
Im [T)=0] <<Im[T)_g4]

ie. |s|, [t], lul <1 GeV>.
= Amplitudes expressed with 3 single-variable functions:

T ™ (s, t,u) =—¢; [Mo(s) + (s — u) My(t) + (s — t) My (u)
—2My(s) + Ma(t) + Ma(u)]
T37‘[O(S, tu) = e,[ b(s) + My(t) + Mo(u)
+4(My(s) + My(t) + My(u))]

- where: €,

mg — my, (mic — m3) mic

T mmy 3V3R2m
Q32 ([Leutwyler])




® | Analyticity | properties w-plane

= M, (w) analytic in cut
w-plane 4m?

G

— Discontinuity: unitarity
relation

m Elastic | unitarity

For partial-wave amplitudes 77 (s): nm — (7r)'],



® Elastic Khuri-Treiman:[Anisovich, Leutwyler (1995)]

Mo(w) = Qo(w) [oig + w Bo + w2 (o + o(w))|
Mi(w) = O0s(w) w (B1+h(w))
Ma(w) = Qs (w) w?h (w)

Omnés functions

Qifs) = exp [ ro ]

T Jamz S'(5" —5)
Integrals
A 1 (* Im (1/Qy(s")) ~
/I(W) :__J ds/ m,( / : [(5 )) M/(Sl)
T ame . (8)7(s" — w)



M, (s"): left-cut parts in | — 37 partial-waves

To(s) = Yoo (Mo(SJ + Mo(S))
THs) = sgk(s) (Ma(s) + n(s))
T3(s) = 1% (Mals) + Ho(s) )

= Polynomial part:
— Compensate for high-energy parts of integrands

— Four parameters: o, Bo, Yo, P1

— Uniquely determined by matching to chiral NLO
amplitude



Chiral matching equations:

Tkr(s, t,u) —Tp(s, t,u) = o(p°)

— Satisfied for imaginary parts: expand as polynomial
= Equations:
_ 4 _ _ _ 1- ~
g = My—+ §M2 + 3(/\/]2/ — My)sp+9 (§M2” — /2) Sg
_ _ 5 _ 1- R
Bo = Mé + 3M; — §M2/ -9 (§M2” — /2) So — _Q(/)OCO
_ 1 - ~ ~
1= M{—I—EI\/Iz”—Il—IQ
2
3
where M, = chiral M, amplitude

4

1- _ ~ ~ 1
Yo = 5/\/’6’4— lel—/g—3/2—§Q6/O(0—Q6[30



Multi-channel Khuri-Treiman I



Contributions to unitarity (two-body) beyond 77t :
U
LD o ¢
. K K
LU & GHEEY @ ¢
K K
o K+ K(}
KK (Il) : +>CX +>:X
K- R(]
Part induced by K™ — K° mass difference|Achasov,
Devyanin, Shestakov (1979)]



m |sospin violating amplitudes

N — [mrm]© nm — [KK]°
I=1—1=0 _ _ _
[KK' — [mn]®  [KK]' — [KK]°

N 2
|=1—=1=2 ﬂif [
(KK} — [rm)?

m |sospin conserving amplitudes

(mn—mn o — KK
— \mn — KK KK — KK -0

T, (nmr—nm o am— KK
- \nm— KK KK — KK —1

T@: tm® — 0



Coupled-channel KT in matrix form: /| =1 — /=0

Mo(w) = £2o(w) [Po(w) + w? (Ta(w) +s(w))] “e21(w)

= £2;: Omneés-Muskhelishvili 2 x 2 matrices
— Py : polynomials, 12 parameters
= “left-cut” integrals

~

—1n; —1 —1% pY —1
S_Wﬂmnomgm + 25 NI *2;”1|

u ;]Il—l
%

32 Joo dS AO—K( ) - 1*T (O 0) T(l) tQ;]'
NG w) 0 01

amz, (s)2(s" —
16/28



Altogether: 16 polynomial parameters

— Reduces exactly to uncoupled case when nm, KK
rescattering switched off

Approximations:

= Left-cuts in KK amplitudes neglected

— Matching: KK amplitudes computed at LO only

Coupled-channel becomes straightforward extension of
single-channel




Solving the Khuri-Treiman equations I



=0
Experimental data exists

T-matrix inputs:

77t — 77t phase-shift
nimt — KK phase

7t — KK modulus
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| =1 | T-matrix inputs:

— No phase-shift data. Model[A1baladejo, B.M. (2015)]

— Data on resonances + chiral symmetry

= T-matrix from chiral K-matrix:

T=(1-K(s)®(s)) 'K(s)

with: K = K®/(s) + K*/(s) + K/(s)
When s small: T=T® +T®W +...
S small? UL
first two terms in Ch. exp. reproduced

— Six parameters: a7(980), a9(1450) pole positions +
branching fractions
Extra constraint: 1 — 7t scalar radius
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m lllustration of the solutions (I):
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1)n — i % t=sline
Near Adler zero: good
matching KT and NLO

2) N — 3% t=u line
NO good matching KT and
chiral NLO

Strong influence of scalar
resonances

m lllustration of the solutions (Il):
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Comparison with experiment I



Dalitz plot parameters definitions

— Coordinates (charged mode) B 22

X =5l (t—u),

Y =sma, (M —m)?—s)—1 | -

with Q. = 2my — 2my+ — myo. o | | .

— Parametrisation: 7' 7° ) — E‘E
W =14+aY+bY* +dX?+FfY3+gX?Y +.-.

— Parametrisation: 37°

[Ma(X, Y)I?

— 2 2
M. (0. 0)F =14+ 20 (X*+ Y?) +---



Dalitz plot parameters results

ntn a0 O(p*) | single-ch. | coupled-ch. KLOE BESIII
a -1.328 -1.154 -1.142 -1.095(4) | -1.128(15)
b 0.429 0.202 0.171 || 0.145(6) | 0.153(17)
d 0.089 0.094 0.097 | 0.081(7) | 0.085(16)
f 0.016 0.108 0.123 || 0.141(10) | o. 173(28)
g -0.081 -0.087 -0.088 || -0.044(16)

OO0 PDG
x +0.0142 -0.0274 -0.0337 -0.0315(15)

= O(p*)+Khuri-Treiman improves over direct chiral O(p*)

— Effect of 1 GeV scalars up to 17%
— Some room left for sub-threshold O(p°)




Quark mass ratio @

— Equate width TX7(Q, e?(m, + my)) with experiment
P — (209 & 11) eV T3 = (427 & 15) eV

Central values:

single-ch.  coupled-ch.
nrm % 218402 216402
3m0: 219+02 21.7+0.2
[QCD scale po = 0.77 GeV]

— Error assuming 10% sub-threshold O(p®): AQ = 2.2

— Compatible w. lattice QCD: @ = 22.9 + 0.4[QCDSF-UKQCD
(2015)], @ = 23.4+ 0.6[BMW (2016)]
but not as precise



Khuri-Treiman formalism includes 7t and KK channels in
rescattering/ unitarity — account of a4(980), 7,(980)
resonances

Influence of a9(980), 15(980) resonances at low energy: up
to 20% in Dalitz parameters. In particular for 1 — 37°

Amplitudes from NLO-matched Khuri-Treiman are close to
agreeing w. experiment in physical decay region

Convergence of chiral exp. in unphysical region seems good,
NNLO effects less than 10%

Determination of Q: some information on sub-threshold
NNLO effects needed for improved precision



