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OUTLINE


Motivation: QCD + baryon spectroscopy


Duality in meson production


Dual parametrization
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summary compiled by Andreas Kronfeld

What do we know about the hadron spectrum?

Cannot solve QCD analytically;

Test numeric solution - lattice QCD;



How do we study the hadron spectrum?
Since the 50’s accelerators produced beams of particles of higher 

and higher energy -> inelastic scattering -> look for resonances

� ⇠ MR�R

(W 2 �M2
R) +M2

R�
2
R

Breit-Wigner: position + width

Works great for strong and narrow lone resonances (ρ, Δ)

How is a simplistic analysis w. Breit-Wigner related to QCD?

Each resonance has definite quantum numbers -> 

only contributes to one partial wave (P33, S11 etc.) -> 

identify q.n. from angular distributions;

Scan all available energies; study all channels; done?



QCD and QED are gauge field theories -> 

amplitudes for processes with e.-m. and strong interaction 

possess symmetries, analyticity, unitarity

CP conservation -> crossing symmetry

resonance in the crossed channel, too!

Crossing destroys the simple picture 1 resonance -> 1 partial wave

Adirect ⇠
1

W 2 �M2
R

! Acrossed ⇠ 1

u(W, ✓)�M2
R

Angle-dependent crossed term -> all partial waves 

(only one will be resonant; will give background in others)
Overlapping resonances, 

significant non-resonant background,

production thresholds

Breit-Wigner analysis is not viable

PWA (SAID, MAID, Bonn-Gatchina, KSU, …) - talks by Andrei, Lothar



CQM and LQCD predict essentially infinite number of states

Will we be able to observe all these states?

Empirical observation: above W=2 GeV s-channel resonances stop 

being the most prominent feature of the cross section

High energies - dominated by t-channel exchanges 

Regge - exchange a tower of states

Spectrum: J = J0 + 𝜶’ (MJ2 - M02)

One coupling per trajectory

How is it related to baryon spectrum?

1X

Rest

At(s, t, u) ⇠ s↵(t)



Duality: a full theory knows all its states and their properties

Algebraic models (van Hove, Veneziano) - duality is trivial:

spectra and couplings are exactly known

A(s, t, u) =
1X

Ress

As(s, t, u) =
1X

Rest

At(s, t, u)

Regge - an example of an algebraic model (but incomplete) 

We know the full amplitude at high energy

Cannot directly test duality as written above.

But the strength of low-lying resonances and Regge related!

This correspondence is addressed by finite energy sum rules
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cuss the formalism and set up all conventions with further
details given in the Appendices. Central to Regge the-
ory, the topic of factorization is introduced in Section III.
Section IV focuses on the dispersion relation used in the
derivation of the FESR. The latter is presented in Sec-
tion V. In Section VI we present the method used to an-
alytically continue the low-energy amplitudes below the
physical threshold which is needed in the calculation of
the dispersive integral. The predictions arising from the
low-energy side of the FESR, i.e. left-hand side (LHS)
of the sum rules, are discussed in Section VII and com-
pared to the high-energy data and the Regge model in
Section VIII. The interpretation of the results and fur-
ther development of the Regge model, in which we dis-
cuss possible contributions from the enigmatic ⇢2 and !2

exchanges, is given in Section IX. Our conclusions are
summarized in Section X.

II. FORMALISM: SCALAR AMPLITUDES

We describe the kinematics of ⌘ photoproduction on a
nucleon target, the s-channel reaction,

�(k, µ�) +N(pi, µi) �! ⌘(q) +N 0(pf , µf ) , (1)

by specifying particle four-momenta and helicities. We
use MN and µ to denote the nucleon and ⌘ masses, re-
spectively. For all other particles we denote their masses
by mx. Throughout this paper we use the standard Man-
delstam variables

s = (k + pi)
2 , t = (k � q)2 , u = (k � pf )

2 , (2)

related by s + t + u = ⌃ = 2M2
N + µ2. We refer to

Appendix A for further details on the kinematics. The u
channel, in which the variable u represents the physical
center-of-mass energy squared of the �N ! ⌘N reaction,
is related to the s-channel by charge conjugation. To
make this symmetry explicit, we use the crossing variable

⌫ =
s� u

4MN
=

s

2MN
+

t� ⌃

4MN
= Elab +

t� µ2

4MN
. (3)

Hence, the t channel corresponds to �⌘ ! NN . In or-
der to formulate the dispersion relations, it is necessary
to isolate and remove kinematical singularities. For this
reason, it is convenient to work with the invariant am-
plitudes that are kinematic singularity free functions of
the Mandelstam invariants. These amplitudes multiply
four independent covariant tensors that contain the kine-
matical singularities. The tensor basis is constructed by
combining the photon polarization vector ✏µ ⌘ ✏µ(k, µ�)
and particle momenta [28],

M1 =
1

2
�5�µ�⌫F

µ⌫ , (4)

M2 = 2�5qµP⌫F
µ⌫ , (5)

M3 = �5�µq⌫F
µ⌫ , (6)

M4 =
i

2
✏↵�µ⌫�

↵q�Fµ⌫ . (7)

Here P = (pi + pf )/2 and Fµ⌫ = ✏µk⌫ � kµ✏⌫ . In terms
of these covariants the s-channel amplitude is given by

Aµf ,µi µ� = uµf (pf )

 
4X

k=1

AkMk(µ�)

!
uµi(pi) , (8)

where the Ak stand for the kinematic singularity and zero
free amplitudes which contain the dynamical information
on resonances and Regge exchanges. It is convenient to
decompose the invariant amplitudes in terms of ampli-
tudes with well-defined isospin in the t-channel, As and
Av for I = 0 and I = 1, respectively,

Aab
i = As

i �
ab +Av

i ⌧
ab
3 , (9)

where a and b are the isospin indices of the two nucleons.
Hence,

Ap
i = Ai(�p ! ⌘p) = As

i +Av
i , (10a)

An
i = Ai(�n ! ⌘n) = As

i �Av
i . (10b)

We will use the collective notation A�
i for the isospin

components (� = s, v). For isoscalar, e.g. ⌘ meson pho-
toproduction, the s and u channel correspond to fixed
I = 1/2. It follows from the symmetry properties of the
covariants Mi under s $ u crossing that the amplitudes
A�

i with i = 1, 2, 4 (i = 3) are even (odd) functions of ⌫,
i.e.

A�
i (�⌫ � i✏, t) = ⇠iA

�
i (⌫ + i✏, t) , (11)

with ⇠1 = ⇠2 = �⇠3 = ⇠4 = 1 and ✏ > 0. The t-
channel quantum numbers of the invariant amplitudes
can be identified by projecting onto the t-channel parity-
conserving helicity amplitudes. The latter can be de-
composed in terms of the L � S basis allowing for iden-
tification of the spin and parity (see Ref. [22] and ref-
erences therein). For �N ! ⌘N , we list the invari-
ant amplitudes in Table I together with the correspond-
ing quantum numbers and possible t-channel exchanges.
We note that the amplitude A0

2 = A1 + tA2, instead of
A2, has good t-channel quantum numbers [22]. We will
work with the set of amplitudes (A1, A0

2, A3, A4) which
allow to separate natural from unnatural parity t-channel
contributions. The �⌘ state couples to C = �1 ex-
changes in the t-channel, which for the NN state implies
C = (�1)L+S = �1. For theNN state, parity is given by
P = (�1)L+1. Thus, for positive parity the total angu-
lar momentum is odd (J = L), while for negative parity,
J is either odd or even (J = L ± 1, L). Furthermore,
since C = �1 the NN state has G-parity equal to �1
for I = 0 and +1 for I = 1. Beside known resonances,
t-channel exchanges with JPC = (2, 4, ...)�� are also al-
lowed, but no mesons with these quantum numbers have
been clearly observed1 to date [31]. These quantum num-
bers are not exotic (only the 0�� is) and both the quark

1
There are some experimental indications of the existence of ⇢2
and !2 mesons [29, 30]. However, these states are observed by

a single group and poorly established and thus need confirma-

tion [31].

Tfi =
X

i

ū(p0)Miu(p)Ai(⌫, t)

Crossing + isospin
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1
There are some experimental indications of the existence of ⇢2
and !2 mesons [29, 30]. However, these states are observed by

a single group and poorly established and thus need confirma-

tion [31].

�(k) +N(p) ! PS(q) +N 0(p0)

s = (p+ k)2, u = (p� q)2, t = (k � q)2

⌫ =
s� u

4M

Mandelstam scalars

Crossing-odd variable

CGLN decomposition:

invariant amplitudes

P = (p+ p0)/2
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1
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a single group and poorly established and thus need confirma-

tion [31].

σ = (+0,-) for pion, (s,v) for eta
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TABLE II. Behavior of the s-channel helicity amplitudes
Aµf ,µi 1 for given nucleon helicities, as predicted by Eqs. (17)
and (18).

Aµf ,µi 1 n n+ x

A�,� 1 1 1

A�,+1 0 2

A+,� 1 2 2

A+,+1 1 1

FIG. 1. Contour in the complex ⌫ plane used for the disper-
sion relations. The s- and u-channel nucleon pole and ⇡N
threshold and cut are shown.

In Fig. 1 we identify the nucleon pole and a cut starting
from the ⇡N threshold. We relate the residues of the s
and u channel poles to the phenomenological couplings
by identifying them with the Born terms calculated using
an e↵ective Lagrangian [35] as shown in Fig. 2,

L�NN =� eN�µ
1 + ⌧3

2
NAµ

+
e

4MN
N(s + v⌧3)�µ⌫NFµ⌫ , (24)

L⌘NN =� i⇣g⌘NNN�5N�⌘ + (1� ⇣)
g⌘NN

2MN
N�µ�5N@µ�⌘,

(25)

where s = 1
2 (p + n) and v = 1

2 (p � n) are the
isoscalar and isovector nucleon anomalous magnetic mo-
ments and �µ⌫ = i

2 [�
µ, �⌫ ]. The two limiting cases are

the ⇣ = 0 pseudovector (PV) and ⇣ = 1 pseudoscalar
(PS) coupling. The role of these two couplings has been
explored in dynamical models for the scattering ampli-
tude based on e↵ective Lagrangians [35–37]. In the Born
terms, however, the di↵erence between the two interac-
tions leads to a non-pole contribution that does not con-
tribute to the on-shell scattering amplitude for which the
dispersion relation is written. The derivative term re-
duces indeed to the other one upon use of the equation
of motion.

For the Born terms the two diagrams in Fig. 2 give

FIG. 2. Nucleon pole contributions to the dispersion relations.

(see Appendix C)

A�,pole
1 (⌫, t) =

eg⌘NN

4MN


1

⌫ � ⌫N
� 1

⌫ + ⌫N

�
, (26)

A�,pole
2 (⌫, t) = �eg⌘NN

4M2
N


1

(⌫ � ⌫N )(⌫ + ⌫N )

�

= � eg⌘NN

(t� µ2)2MN


1

⌫ � ⌫N
� 1

⌫ + ⌫N

�
,

(27)

A�,pole
3 (⌫, t) = �eg⌘NN

MN

�

4MN


1

⌫ � ⌫N
+

1

⌫ + ⌫N

�
,

(28)

A�,pole
4 (⌫, t) = �eg⌘NN

MN

�

4MN


1

⌫ � ⌫N
� 1

⌫ + ⌫N

�
,

(29)

where ⌫N = (t� µ2)/(4MN ). The coupling g⌘NN is less
known than g⇡NN . Using the latter and SU(3) symmetry
one finds g2⌘NN/4⇡ = 0.9� 1.8 (where the uncertainty is
induced by the uncertainty on the F/D ratio) [35, 38].
On the other hand from fits to the ⌘ photoproduction
data using e↵ective and chiral Lagrangian models [36,
37], one obtains a smaller value, g2⌘NN/4⇡ = 0.4 � 0.52.
Similar results are found in the quark models of Refs. [39,
40], while other constituent-quark models find an even
smaller value, g2⌘NN/4⇡ = 0.04 [41]. In the following we
choose g2⌘NN/4⇡ = 0.4 as a canonical value. On the real
axis the dispersion relations for (⇠i=1,2,4 = +1) are given
by

Re A�
i (⌫, t) = B�

i (t)
2⌫N

⌫2N � ⌫2
+

2

⇡
P
Z +1

⌫⇡

⌫0
Im A�

i (⌫
0, t)

⌫02 � ⌫2
d⌫0 ,

(30)

and for (⇠i=3 = �1) by

Re A�
i (⌫, t) = B�

i (t)
2⌫

⌫2N � ⌫2
+

2⌫

⇡
P
Z +1

⌫⇡

Im A�
i (⌫

0, t)

⌫02 � ⌫2
d⌫0 .

(31)

The residues B�
i (t) of the nucleon poles are tabulated in

Table III.

V. FINITE-ENERGY SUM RULES

For the high-energy part of the amplitude, we use a
Regge parametrization. The contribution of a Regge pole

ReAI
i (⌫, t) = BI

i


1

⌫ � ⌫N
+ ⇠Ii

1

�⌫ � ⌫N

�
+ ⇡B

(�)
i

t�m2
⇡

+
1

⇡
P
Z 1

⌫⇡

d⌫0


1

⌫0 � ⌫
+ ⇠Ii

1

⌫0 + ⌫

�
ImAI

i (⌫
0, t)

Above scale N: Regge dominates

Vector and axial vector: RI
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Regge amplitude obeys DR



Match full ampl. on Regge at ν > N

Re, ImAI
i (⌫, t) = Re, ImRI

i (⌫, t) for ⌫ > N

Sidenote: A and R are analytical in slightly different regions of the

nu-plane; mathematically still viable. But the two are only “identical” 

within finite experimental errors, not in exact sense.

B̃I
i (t)

N

⇣⌫N
N

⌘k
+

Z N

⌫⇡

d⌫0

N

✓
⌫0

N

◆k

ImAI
i (⌫

0, t) =
�I
i (t)⇡↵

0

2(↵(t) + k)�[↵(t)]

✓
N

⌫0

◆↵I
i (t)�1

Regge parameters: HE fit Nys et al [JPAC] arXiv:1611.0465

Kashevarov, Ostrick, Tiator arXiv:1706.07376

LHS of FESR - fit to resonance data

http://arxiv.org/abs/arXiv:1611.04658
http://arxiv.org/abs/arXiv:1706.07376


FESR - a powerful tool for constraining resonance parameters 

by imposing duality, fixed-t analyticity, crossing etc.


Numerical implementation can be tricky: strong cancellation


Historically, models used in the resonance region and at high energy

are completely different (VM exchanges <—> Regge exchanges)


Matching is plagued by a potentially significant systematic uncertainty;

May still depend on the matching point N


Use Regge amplitude modified in the resonance region joining smoothly 
onto Regge



η photoproduction - start with isobar model

Partial wave analysis of eta meson photoproduction using fixed-t dispersion relations May 2018, Mainz

Non-resonance background

s and u Born terms

γ

p

N∗

η

p

γ η

ρ,ω

p p

pp

ηγ

p p

ηγ

t-channel exchanges

N N

!

N N

"!

N N

" "!
(a) (b) (c)

• Single poles (a):ρ, ω (Previously used in EtaMAID)

• Regge poles (b):ρ, ω (Previously used in reggeized EtaMAID)

• Regge cuts (c):ρ, ω and P and f2 (New input in EtaMAID)
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s, u-channel Born

t-channel exchanges

Partial wave analysis of eta meson photoproduction using fixed-t dispersion relations May 2018, Mainz

MAID isobar model approach

Scattering amplitude:

tγ,η(W ) = tbgγ,η(W ) + tRes
γ,η (W ), (9)

Resonance part for a given partial wave α:

tα,Res
γ,η (W ) =

Nα∑

j=1

tα,BW,j
γ,η (W )eiΦ

α
j (10)

a sum of Breit-Wigner resonance functions with a unitarity phase Φα
j for each resonance, Nα

number of resonances for each partial wave.

Non-resonant background:

tbgγ,η(W ) = tBorn
γ,η (W ) + tRegge

γ,η (W ) (11)

consists of two parts: Born terms (small, sometimes even negligible) and Regge exchanges

(important).

12
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Parametrization of the resonances

The tα,BW,j
γ,η projected to multipoles looks like

Mℓ±(W ) = M̄ℓ±
fγN (W )MRf̃ηN (W )

M2
R −W 2 − iMRΓtot(W )

CηN , (12)

where:

M̄ℓ± is related to the photo decay amplitudes listed in PDG.

Γtot(W ) is the energy dependent width.

fγN (W ) and f̃ηN (W ) are vertex functions.

13

Resonance 

direct channel

BW parametrization

direct channel

Background (no multipole decomposition needed)

Pure spin-1 exchange leads to unphysical rise at high energy;

Usually suppressed by phenomenological from factors

Matching onto Regge is delicate - opt for a Regge-based background

Partial wave analysis of eta meson photoproduction using fixed-t dispersion relations May 2018, Mainz

Non-resonance background
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Exploit duality for extracting few low-lying resonances

A(s, t, u) =
NX

Ress=1

ARes(s, t, u) +
1X

Rest

At(s, t, u)�
NX

Ress=1

ARes(s, t, u)

⇡
NX

Ress=1

ARes(s, t, u) +DF (W )⇥ARegge(s, t, u)

Damping factor removes double counting: 

DF(W) -> 0 at threshold;

DF(W) -> 1 at high energy

A(s, t, u) =
1X

Ress

As(s, t, u) =
1X

Rest

At(s, t, u)

Remove part of the strength of Regge in the resonance region 

to leave space for resonances

The form of DF is unknown; we chose 

Λ - fit parameter (of order 1 GeV)

DF (W ) = 1� e�
W2�W2

thr
⇤2



Eta photoproduction with dispersion relations:

1. Isobar model fit: Born + Regge x DF + Resonances


2. Obtain Re, Im parts of the amplitudes


3. Use Im part in a dispersion relation 


4. Obtain Re part 


5. Reiterate



Partial wave analysis of eta meson photoproduction using fixed-t dispersion relations May 2018, Mainz

Solution 7: Resonances + Regge(ν)× DF(ν)

Λ=689 MeV
χ2
IB/Ndof = 1.61 χ2

DR/Ndof = 1.61

γp → ηp Observable χ2
IB χ2

DR Number of points

MAMI dσ/dΩ 3448 3388 2544

A2 MAMI T 456 423 144

A2 MAMI F 318 426 144

GRAAL Σ 323 353 130

CLAS E 38 31 42

DESY,Wilson,Daresbury,CEA dσ/dΩ 11 13 52

Daresbury Σ 7 13 12

Daresbury T 1 2 3
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Solution 7: Σ

χ2
IB = 323/130 χ2

DR = 353/130

-0.1
0
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0.2
0.3
0.4 W=1496 MeV
Σ

W=1519 MeV W=1549 MeV W=1585 MeV

0
0.2
0.4
0.6
0.8 W=1619 MeV W=1654 MeV W=1689 MeV W=1718 MeV

0
0.2
0.4
0.6
0.8 W=1754 MeV

-1 0 1

W=1783 MeV

-1 0 1

W=1810 MeV

-1 0 1

W=1837 MeV

0
0.2
0.4
0.6
0.8

-1 0 1

W=1863 MeV

cos θ
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Solution 7:dσ/dΩ

χ2
IB = 3448/2544 χ2

DR = 3388/2544

0

0.5

1

1.5 W=1494 MeV
dσ/dΩ, µb/sr

W=1549 MeV W=1599 MeV W=1651 MeV

0
0.1
0.2
0.3
0.4

-1 0 1

W=1701 MeV

-1 0 1

W=1748 MeV

-1 0 1

W=1798 MeV

-1 0 1

W=1851 MeV

cos θ
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Fit: DR vs. Isobar model

Partial wave analysis of eta meson photoproduction using fixed-t dispersion relations May 2018, Mainz

Real part of A1 at t = −0.5 GeV2

1600 1800 2000 2200 2400
W!MeV"
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Re A1 (ηMAID)
Re A1 (from DR)

Lothar’s talk tomorrow

Next step: FESR - work in progress



Application to pion production - work in progress
Similar in spirit - but there’s a new constraint: Watson’s theorem
Strong rescattering in each partial wave:

phase of γN->πN amplitude equals that of πN->πN amplitude


Now multipole decomposition is needed for the full amplitude,

not only resonance part


Follow MAID approach: t�⇡(W, ✓) = tBg
�⇡ (W, ✓) + tRes

�⇡ (W, ✓)

tB�⇡(W, ✓) =
X

`

MB
`,↵(W ) {P`(cos ✓)}

MB
`,↵(W ) ! MB

`,↵(W )[1 + it↵⇡N ]

Background = Born + Regge x DF

Born

Unitarization (K-m.) t↵⇡N =
⌘↵e2i�

⇡N
↵ � 1

2i

Pi-N phases and inelasticities - e.g. from GWU analysis, W < 2 GeV

Resonance contributions - BWRes
`,↵ (W ) ! BWRes

`,↵ (W )ei�
Res
↵ (W )



Multipole decomposition of Regge amplitude

Example: ρ-exchange in 𝜋+n channel

Vector coupling to the nucleon; Ml+ multipoles
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Several possibilities: 

-> unitarize few lowest partial waves, match them back to Regge at HE;

-> match the one’s favorite low-energy multipoles onto Regge multipoles 
above resonance region

Oscillations observed: make matching impossible!



What’s the reason for these oscillations?

Consider the integrand of R -> M1+ conversion

Strong backward peak plus oscillations between

But one expects t-channel Regge exchanges 

to dominate forward angles


Combination of two factors: ν decreases for -t>>

Oscillations - 1/Γ[α(t)] for large negative t

Gamma-fn. removes unphysical poles at t = -1, -3, …

-1 .0 -0 .5 0 .5 1 .0

0 .5

1 .0
W = 2.5 GeV



Saturated Regge trajectory

α(t) - linear at positive t (Frautschi plot, meson poles)

- at large |t|∼s: pQCD quark exchange - expect 1/t (1/s)
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Saturated Regge trajectory 

Eliminates backward structure and unphysical oscillations!
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Regge amplitude generates resonance-like structures - 

that’s why need to take double counting seriously



Unitarize the lowest PW of Regge background for W < 2 GeV
MR

↵ = |MR
↵ |ei�

R
↵

tR,↵
�⇡ = MR

↵e
�i�R

↵ [1 + it↵⇡N ]

For W > 2.5 GeV - pure Regge

For W < 2 GeV - pi-N phase

Smooth interpolation in between

WORK IN PROGRESS

t-channel Regge exchanges: correct physics input at forward angles;

Saturated Regge removes artifacts from the backward angles;


To provide a more complete description 

- desirable to include baryon Regge exchanges, as well

not trivial: formal problems - parity doubling; fixed-t DR don’t work at 
large negative t;


Ideally, a combination of fixed-t DR at backward angles

and interior DR at backward angles

Or use more conventional MAID parametrization

in the resonance region and match low multipoles

onto Regge multipoles



Conclusions and Outlook

FESR is a powerful tool to constrain resonance contributions


To gain most of FESR - ensure matching between LE and HE


May or may not use modified Regge as the background in the 
resonance region in place of vector meson exchanges


To cure many problems that appear on the intersection of SE 
PWA and fixed-t DR - use saturated Regge


Projection of saturated Regge onto multipoles is meaningful ->

allows for matching lowest multipoles (with phase) to Regge


Future steps will involve u-channel Regge exchanges in a 
combination with interior DR


